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Abstract

Here we give a self-contained new proof of the partial regularity theorems for solutions of
incompressible Navier-Stokes equations in three spatial dimensions. These results were origi-
nally due to Scheffer and Caffarelli, Kohn, and Nirenberg. Our proof is much more direct and
simpler. © 1998 John Wiley & Sons, Inc.

1 Introduction

This paper is concerned with the partial regularity of weak solutions of the
incompressible Navier-Stokes equations in three spatial dimensions with unit
viscosity and zero external force:

(1.1)

vi+v-Vo—Av+Vp=0, v(xt)cR3,
dive=0.

Of particular interest is the initial boundary value problem on a bounded,
smooth domain 2 C R3. In addition to (1.1) on Q x (0, ), one requires

(12) v(x,0) =vo(x), €,
' v(x,t) =0, redN, 0<t<T.

Here the initial data should satisfy
(1.3) vo(z) =0, €0, and divug=0inQ.

The concepts of weak solutions of (1.1)—(1.2) and their regularity were
already introduced in the fundamental paper of J. Leray [10]. Pioneering
works of Leray [10] and Hopf [5] showed the existence of a function v and a
distribution P such that

(i) v € L%(0,T; L?(2)) N L?(0,T; H()) for each T' < oo

(ii) equations (1.1) hold weakly;
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(iii)
t
/ |v|2dx+2/ / |Vv|2dxdt§/ |vo|? dz
Qx{t} 0 Jo Q

and

lim flo(-, %) —wvo(-)[| =0

t—0t

whenever vy € L?(Q) (cf. [22, chap. IIT]).

There are many important results concerning the regularity of weak solu-
tions. Among them we wish to mention the work of Serrin [19], which asserts
that if a weak solution v of (1.1) also satisfies that v € LP(0,7; L9(2)) for
some p,q > 1 so that 2/p+3/q < 1, then v is smooth in the spatial direction.
This result was later improved in [21] and [2] to the case of equality.

It is also well-known that if vg is smooth enough, then problems (1.1)—(1.3)
have a unique solution on 2 x (0,7") for some 7" > 0; see, for example, [7],
[4]1, [6], [13], [23], and the references therein.

In a series of papers [15, 16, 17, 18], Scheffer introduced the notions of
“suitable weak solutions” and the “generalized energy inequality.” He estab-
lished various partial regularity results for such weak solutions; see also an
interesting related work of Foias and Temam [3]. Scheffer’s results were further
generalized and strengthened in the paper of Caffarelli, Kohn, and Nirenberg
[1], where the best partial regularity theorem to date was proved.

The purposes of this paper are to further elucidate the main ideas of the
partial regularity theory, to discuss a few unsolved issues in [1], and to give
simpler proofs of the main results of [1]. Part of the simplification is due to
the better estimate of Sohr and von Wahl [20] on the pressure P, which was
developed after the publication of [1]; see Lemma 2.3 below. Another part
of the simplification is due to the fact that we worked with somewhat more
natural quantities.

Throughout the paper, we shall use the notation in [22].

2 Preliminaries

There are two key ingredients in the proof of the partial regularity theorem.
The first one is the often-used interpolation inequality, which follows:
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For v € H'(B,), one has

q/2—a a
/ lv|%dz < ¢ (/ ]Vv|2dx> . (/ ]v[zdx>
r B By
q/2
e
r<® \ /B,

for all 2 < q < 6, a = 3(q — 2)/4. Here B, is a ball of radius r in R3.
In fact, we also need the following variation of (2.1) (cf. lemma 5.2 in [1]):

2.1)

LEMMA 2.1 If0 <7 < p, then

(5) 0+ (2) a2 507"

C(r)<c

where

1
A(r) = sup —/ v|? dx
—r2<t<0 T JBr(0)x{t}

B(r) = 1/ /|Vv|2d:zdt,
T JQr
1 3

C(r) = T—2/T/]v| dx dt,

Qr:{(;v,t)eR3xR:|x|§r, —r2§t§0}.

PROOF: At almost every time we estimate

2 2 —12 —12

v da;:/ v|* — |v dx—i—/ v|5 dx
[, = [ (o o) de s [
2 a2 )

/B,, [ |v]p‘d:c+/BT 9[2 da

cp/ ‘UHVU‘C[:L‘-FC(Z)/ v|? dx
B, p/) JB,

using Poincaré’s inequality on the first term. Here

1
‘BP’ By

IN

IN

fo fdx.

Thus

(2.2) /B | dz < cp®2AV?(p) </B

P

; 1/2 N3
|Voul© dz +c 5 pA(p) .
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By combining (2.1) and (2.2), one obtains that

3/4 3/4
/ o> de < ¢ (/ |Vv2dx) (/ |v[2daz>
B B B,
3/2 3/4
€ 2 r 3/2
— d - A
+ 3 ( £ x) re(Z) av)

9/4 3/4
3/4 , P 3/4 2

Therefore, by integrating from —r? to 0 and applying Holder’s inequality, we
obtain that

/ / v|? dx dt
Qr

2 (T ’ 3/2
e (3 Ap)

S/ 3/4
+c <p3/4 + m) /2 A(p)34 </Q,, / |Vo|? da dt) .

The conclusion of Lemma 2.1 follows. [ |

The second key ingredient is the so-called generalized energy inequality,
which makes the Leray-Hopf theory localizable. A weak solution (v, P) of
(1.1) is said to satisfy the generalized energy inequality if

2/0T/Q]Vv|2¢d:z:dt < /OT/Q|U|2(¢15+A¢)dxdt

2.3) t
2 .
+/0 /Q(|u| +2P) v Ve dedt

for all nonnegative ¢ € C3°(Q2 x (0,7)).
Let us recall that a well-known property of weak solutions is the weak
continuity of v as a function of time (see [22, pp. 281-282]. This says

(2.4) /Qv(:c, t) - W(z)de — /Qv(af, to) - W(x) dzx

for each W € L%(Q) as t — to € [0,7]. An easy consequence of (2.3) and
(2.4) is the following form of the generalized energy inequality:
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For 0 < ¢t < T and for each smooth, compactly supported ¢ > 0,

/Qx{t v]? ¢da:+2// |Vv|? ¢ dx dt
< [[ [1oP(@0+20) + (uP +2P)0 - Vo] dwat,

(2.5)

In [1], the notion of (local) suitable weak solutions of (1.1) in an open set
D C R? x R was introduced. A pair (v, P) is a suitable weak solution of
(1.1) in D if

(i) P € L*?(D) with [, [|P|3/? < E, and for some constants Ey, F; <
o0,

/Dt]v\2dx§Eo, D, =Dn (R x {t}),

for a.e. t such that D, # ¢ and

/ /\Vv]2d:rdt < Eqp;
D

(ii) (v, P) satisfies (1.1) in the sense of distributions on D; and
(iii) for each 0 < ¢ € C§°(D), inequality (2.3) is valid.

Note that we have added a pressure L3/2-norm bounded condition here.

It is not at all clear if weak solutions obtained by the well-known Galerkin
approximation procedure (see, for example, [22, chap. III, sec. 3]) are suitable
weak solutions. That is why Caffarelli, Kohn, and Nirenberg used a different
approach to show the existence of such suitable weak solutions in [1]. By
using the estimate of Sohr and Von Wahl [20] for the pressure, one can show
the following compactness result, which indicates the existence of such weak
solutions. Indeed, our proofs of Lemma 2.3 and Theorem 2.2 below, along with
the constructions in the appendix to [1], yield such suitable weak solutions.

THEOREM 2.2 Let (v, P,,) be a sequence of weak solutions of (1.1) in Q;
such that, for some positive constants E, Ey, E1 < oo, one has

(a) / |v|? dz < Ey for ae. t € (—1,0);
BlX{t}

(b)/ /|an|2dxdt§E1;
(o}
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(©) / /|Pn|3/2 dx dt < E; and
Q1

(d) (vn, Pp) satisfies (2.3) for n =1,2,.

Suppose that (v, P) is the weak limit of (vy, Py,); then (v, P) is a suitable
weak solution of (1.1) on Q.

Let us first prove the L5/ space-time norm estimates on P (cf. [20]). For
simplicity we take 2 = Q.

LEMMA 2.3 Let (v, P) be a weak solution of (1.1)~(1.2) in Q1 with v €
L>®(1,0; H)N L?(—1,0,V). Then P € L/3(—1,0; L%/3(By)).

PROOF: Let

_ 30 _§<@2>_i
=73 T 4\33 ~ 13

in the interpolation inequality (2.1). One obtains, for a.e. ¢, that

IR, <o / Vol dr) /|v|2dac e
L30/13(Bl) — B B
15/13
+c</ |v|2daz) .
B1

Thus by Hoélder’s inequality,

(2.6)

5/3

@7 oVl s, < ¢ [V, + 1011%0s s, |-

Using (2.6), we have

(2.3) HleL%O/la(Bl) < [HUHLQ (B1) o]32 B) T 0] 12 (B }
Hence
(2.9) v- Vv e L3/3 (—1, 0; L15/14(B1)) .

Let f = (9/0t)v— Avin By x (—1,0); then f € L?>(—1,0, Z). Here Z is the
dual space of HZ(2). Indeed, smooth, compactly supported ¢ € C5°(By, R?)
with div ¢ = 0 is dense in both H and V. Also, since v(t) is weak continuous
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in ¢ with values in H, we may define a continuous function ¢, (v(t), ¢), for ¢
as above. Then the claim follows from the estimate

0
\(E ¢)\ = |~ (Vo, V) — (v~ Vo, )
< (V0@ + 10O 250 1700 | 1208) 19l 2, -

Next, we observe, for a.e. ¢,

(2.10) divf=0 in By .
curl f = curl(v - Vo)

Then the elliptic estimates ([14, chap. 7]) yield

Q1D Ay < C o Vol s, + 1£157] -

Therefore, by integrating (2.11), one has

9
50— Ave L5/3 (—1,0; L15/14(Bl)) :

and hence the conclusion of Lemma 2.3 follows from
VP e L7 (=1, 0, L19/1)
and Sobolev’s inequality. |
PROOF OF THEOREM 2.2: We may assume that
Up — U

weakly in L?(—1,0; V) and weak-* in L°°(—1,0; H) and that P,, — P weakly
in L3/2(Q1). We wish to show that v,, — v strongly in L9(Q;) for 1 < g < 2.
Indeed, if the last statement is true, then for any smooth ¢ > 0 compactly
supported in ()1, we have that

2/ /\Vv|2¢>dxdtgliminf2/ /|an\2¢dxdt
Q1 n Q1

by Fatou’s lemma and that the right-hand sides of (2.3) (with v, in the places
of v) converge to the desired form as v,, — v strongly in L3(Q1) and P,, — P

weakly in L?O/CQ(Ql). The result of Theorem 2.2 follows.



248 F. LIN

To show the strong convergence of v,,, we first establish the certain uniform
weak continuity of v, as functions of time ¢. In fact, we let Z be the dual of
HZ(B); then the equations

%—i—vn‘V?}n%—VPn—Avn:O in Q1

and the fact that v, — v weakly in L?(—1,0;V), weak-* in L>(—1,0, H)
along with L3/2-norm bound for P, imply that

<

) )
— v, € LP?(=1,0; Z) with H—vn <
L3/2(—-1,0; 2)

ot ot

for some constant Cy depending only on
sup [[vnlz2(-100) + lonll o -r00m) + [ Pallzsvacy) |-

Thus each v, € C([—1, 0], Z). Moreover, they are uniformly continuous as
functions of ¢ € [—1,0] with values in Z.

Now we apply theorem 2.1 of [22, chap. III] to conclude that the v, stay
in a compact set of L3/2(Q). Therefore v,, — v strongly in L3/2(Q1). Since
vy, also remains bounded uniformly in L'/3(Q;), we deduce that v, — v
strongly in L9(Q1) forall 1 < g < 2. |

REMARK 2.4 Let (v,, P,) be as in Theorem 2.2. Then v, — v weakly
in L2(—1,0; V) and weak-* in L>°(—1,0; H). By the weak continuity of v
in time, we see, for any to € [—1, 0], v(z, to) is a well-defined function in
L?(B1). We claim v, (x, tg) — v(z, to) weakly in L?(Bj) as n — oo. Indeed,
for any nj — oo, there is a subsequence on {v,, } that converges weakly to
v(x, to) for some v(x, ty) € L*(By). It suffices to verify o(x, tg) = v(z, to).
To do so we let ¢(x) € CZ(B;) with dive = 0, and let n(t) > 0 be
smooth and compactly supported in a é-neighborhood of ¢y € [—1, 0] with

1
/ n(t)dt =1.
0

By the weak continuity of v(-, ¢) in ¢, we have
/ /n(t) vz, 1) - b(x) du dt = / /n(t) o(z, to) - (x) d dt + o1) .

Here o(1) — 0 as 6 — 0.
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One also has that

/1/77 z) do dt = /1/77 Uny, (2, 1) - ¢(x) dz dt + o(1) ;

here o(1) — 0 as n; — oo.
Finally, by the uniform weak continuity of v, (-, ) in t,

/l/ﬁ(t) Vn, (2, 1) - ¢(z) dz dt = / 1 /n(t) Un,, (T, to) - P(x) d dt 4 o(1)

when o(1) — 0 as & — 0 (independently of ny). We thus arrive at
/ o(z, to) - d(z) dz = / (x, to) - d(x) dz
Bl Bl
Since ¢ € CZ(By) with div ¢ = 0 is arbitrary, v(z, o) = (=, to).
3 Partial Regularity Theorem

Let (v, P) be a suitable weak solution of (1.1) in Q1.

THEOREM 3.1 There are two positive constants £y and Cy such that

/ / [|U\3 + \P\?’/ﬂ dr dt < eg
Q1

implies
|v(z, t)]|ce@g) < Co  for some o> 0.

Here Q, = {(x, 1), |z| <r, —r? <t <0},
To prove this theorem, we start with the following:

LEMMA 3.2 Suppose that

/ / [[U\?’ + \P\?’/Q} dr dt < eg
@1

for some sufficiently small 9. Then

3 _ 3/2
o- // [v — vy \P LAQl K
Qo oo oo

< -/ / [[of? + |P[*/?] e dt
2 Jen

3.1)
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for some positive constant 6 and o € (0, 1) where

vg = 67° // v(y, T)dydr,
]

Py(t) = 673 P(y,t)dy for —6%<t<0.
By x{t}

PROOF: Suppose that Lemma 3.2 is false. Then there would be a sequence
of weak solutions (v;, P;) with

gi = [lvillL3(@u) + 1 Pill 3201y

and such that (3.1) is not valid for (v;, P;). Let

. - P
u; = i , P==;
E; i
then
o ~
(3.2) — u; +g;u;Vu; + VP = A, .

ot

A simple computation also verifies that (u;, F;) is a suitable weak solution of
(3.2). One also notices that

k9l
ou; Ou;

. AP, = —¢
(3-3) c ox; Oxp

in D(Ql) .

It follows from the generalized energy inequality (2.5) that the u;’s lie in a
bounded set of L>°(—1, 0; L% .(B1) N L?*(—1, 0; H..(B1)), and hence they
lie in a bounded set of L'%/3(—1, 0; L1"/*(By)) by (2.1).

Since P; is bounded in L?/2(Q1), it thus follows from the proof of The-
orem 2.2 that u; converges strongly (by taking subsequences if needed) in
L3(—1, 0; L} .(B1)). Let (u, P) be a weak limit of (u;, P); then (3.2) im-
plies that

ou -
(3.4) {at +VP=Au o

divu=0

By lower semicontinuity, one has that

(3.5) / /\u!3dxdt <1, / /\P\?’/Q dedt <1.
Q1 Q1
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A simple estimate for the Stokes equation yields that u and P are smooth
in the spatial variable and that v is Holder continuous in the time variable
with, say, exponent 2. Thus, for suitable 6 € (0, %), one has

1
(3.6) 6_5/ /\u — w3 dudt < =6 .
Qo 4

Since u; — u strongly in L3(—1,0; L} (B1)), we have

1
3.7 0_5/ / |u; — ui,9|3 drdt < 3 0 for all sufficiently large 7 .
Qo

Next we consider P;. By (3.3), we may write, for a.e. t € (—1,0), that
(3.8) Pi(z, t) = hi(z, t) + gi(z,1), o € By3.

Here

(3.9) {Agi(Wt) = —&; Ouff [x,0ul/Ox), in Byys

gi(-,t)=0 on OBy3.

Hence h(-,t) is harmonic in By 3.
Let

Pig(t) =673 : hi(x,t) dz = hig(t);
0

then

| 1B =B avae<co [ [ i - hiol?,
Qo Qo

(3.10)
Co/ /|gi|3/2d:ndt§0005-93/2+Coe¢/ /\ui|3dmdt.
Qe Q32

Here we have used the Calderon-Zygmund estimate for g; by (3.9). The
latter also implies that h; is bounded in L3/2(—1,0; L3/2(B2/3)) as both P;
and g; are. Thus the first term in the right-hand side of (3.10) follows from
the interior estimate for harmonic functions.

It is obvious from (3.10) that

- ~ 1
G.11) 9‘5/ /IPZ-—PMI“”?dwdtS =6
Qo 7 3

for a suitable positive 6 € (0, %) and for all sufficiently large <.
Combining (3.11) and (3.7) we obtain a contradiction. Thus the lemma is
proven. |
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PROOF OF THEOREM 3.1: Let (v, P) be a suitable weak solution such

that
/ / []fu|3 + ]P[‘g/ﬂ drx dt < eq.
Q1
Let
v = 2
Ul('xa t) 0 /3 (9 0°t )

Pi(z, t) = 0170/ (P(0, 6%t) - Py(t))

Again, a direct computation yields that (v1, P) is a suitable weak solution of

(312) % + 9(’[) + 0“0/301) . V’Ul + V.Pl = Avl in Ql .

Moreover, Lemma 3.2 implies that
(3.13) / / |u1|3 + |P1|3/2] drdt <2

We repeat the same arguments as in the proof of Lemma 3.2 except that (3.4)
is replaced by

(3.14)

ou | p. -
{8t+b Vu+ VP = Au n 0,

divu =0
Here b = lim; 0v; ¢ is a constant with \I;] < 1. Note that v; 9 — 0 as e; — 0

(cf. the proof of Lemma 3.2).
Therefore we conclude that

13 _ 3/2
0*5/ /[’”1 vl L [P Pl 1 dz dt
, foo gao

1 1
<= 3Py P? < Zep.
—2/@/['”1' 1B }dfcdt—fo

(3.15)

By a simple iteration, we then conclude that
(3.16) 7‘*5/ / v — v, |3 dx dt < Cepr®

for all 7 € (0,3). Thus v is Holder continuous in (z, t). The conclusion of
Theorem 3.1 follows. |
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The main result of [1] can be deduced from the following theorem (cf. also

[12]):

THEOREM 3.3 There is a positive constant €y such that if

r—0

limsupr_l/ /|Vv\2d:cdt <eg,
Qr
then there are 6y, 1o € (0,1) such that either

A3/2(00T) +D2(90T) < % (A3/2(7") + D2(T))

or
APy + D (r)<ep < 1

where 0 < r < rg, and
A(r) = sup 7“*1/ lv|? dz D(r) :r*Z/ /|P\3/2dazdt.
—r2<t<0 By x{t} ,

PROOF OF THEOREM 3.3: We also define

B(r) =r*1/ /IVde:cdt, C(r) :ﬁ/ /\vl?’da;dt.
Qr Qr

Here 6y € (0, i), which will be chosen later. |

First we have Lemma 2.1, which says

r

(3.17) C(r) < Co l(g)?’A([,)w + (B)SA(M?’/“B(/))S/“]

for 0 < r < p (cf. [1, lemma 5.2]). Next, we want to control D(r).

LEMMA 3.4 Let (v, p) be a weak solution of (1.1) in Qq. Then, for almost
allt € (—%,0), one has

foowEscn [ pefder o pPRde
B@X{t} BlX{t} B1><{t}

for all 6 € (6o, %).
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PROOF:  Since, for a.e. t € (—3,0), one has Ap = 8,,v78,,v" in D'(By),
we may write p = pg + h in B,. Here p € (%, 1) is chosen so that

[ wPPdo<s [ iR,
0B, By

where ' 4 4 A
Apg = Oy, (V) —07) Oy, (v' = 0") in By,
po =20 on 0B,
and
Ah=0 1in B,,
h=p on 0B,,.
Thus

3/2 2/3 2/3
(/ |p\3/2da:> s(/ |po\3/2da:> +</ |hr3/2dx> .
By x{t} By x{t} By x{t}

The first term on the right-hand side of the last inequality is bounded by

2/3
(Cgo / lv — |2 da:)
le{t}

by Calderon-Zygmond’s estimate. The second term can be bounded by

Cof s
B1 X{t}

|3/2

due to subharmonicity of |h[>/? in B, and our choice of p € (3,1). |

COROLLARY 3.5 For any r € (6pp, 5), p < 1, one has

1 1 1
2 Ip*/? da < Cy, _2/ v —o]*dz + C <z) _2/ p*/% dx .
T BTX{t} P Bp X{t} p p Bp
Thus

1
(3.18) D(r) < Cp, —2/ /\v — @p‘?) dz dt + C (f) D(p).

7 JQyp P

Next we use |v|? — |v|? instead of |v|?

(2.5). Here

in the generalized energy inequality

ORI
B, x{t}
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By using Poincaré’s inequality

3/2 2/3
(/ (|v‘2 _ ‘@P) d:p) < c,o/ [v| [Vv| dx
B, x{t} Byx{t}

and then applying Holder’s inequality in the integration with respect to time
t, one obtains from (2.5) for a properly chosen cutoff function ¢ that

p 2 102/3 1 1/2 1/2
~Clp) 5+ E—C(p)'/3 A(p)'/? B(p)"

T

A(r)+ B(r) < C

(3.19)
+o gC(p)l/?’D(p)Q/?’] :

Similarly, by using Poincaré’s inequality, one obtains from (3.18) that

L D(p)+ (3)2 B(p)¥* A<p>3/4] .

(3.20) D(r) < C
P T

By combining (3.19) with p = 2r, (3.17), and (3.20), one may easily deduce
that
A(HOT)3/2 + D2(907") S 0100 (A(?")?)/Q _l_DQ(r)) +€1

for r < rg. Here C is a constant independent of 6y and ¢; is a constant
depending only on certain powers of ¢, L and B(r). By choosing r small
enough, we may assume €1 is also very small. The conclusion of Theorem
3.3 follows. We finally note that the regularity of v at certain points where
the hypothesis of Theorem 3.3 is satisfied follows from the conclusions of
Theorem 3.1 and the decay estimates of Theorem 3.3.

4 Final Remarks

Let (v, P) be a weak solution of (1.1); then (vy, P)) is also a weak solution
of (1.1) for all A > 0. Here

oa(z, t) = Az, A%t),  Py(z, t) = A2 P(\x, A%t).

In other words, v is of dimension —1 and P is of dimension —2. For Leray-
Hopf solutions, one has two basic estimates:

(a) // Dv|10/3 + ]P|5/3} dx dt < oo and

(b) //|W\2dxdt < 0.
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/ / [0/ 4 |PJP/5] da
Qr
5

is of dimension 3, Theorem 3.1 says the singular set of suitable weak solutions

is of measure zero with respect to parabolic Hausdorff measure P%/3. Similarly,
Theorem 3.3 implies the singular set of P! measure zero.

Since
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