
Spectral characterization ofself-adjointness.
Here we'd like to fillthe gap between symmetricity and self-adjointness

by thespectral characterization.

Theorem. Suppose A: DCA)-H-H isclosed and densed defined. Then A is

self-adjointifand only ifA issymmetric and 6(A)_1R.

Remark. Indeed we can remove the symmettecondition:theequivalence between

self-adjortness and real spectrum hold for a much larger class, called normal
operators. Butthe prooffor suchgeneral case need the application ofspectral

etheorem. So weld toprove the symmetricversion here and apply ittoconstructthe-

self-adjointextension.

Proof:>Suppose A is self-adjoint. Then it's symmetrice naturally, following, we show
that12-A) isbejective (and thus invertible, since closed - everywheredefined),for every 1-> IRC.

Injection:It isenough toestablish a lower bound for v=(x-A)ueD(A),
we just hottuethe image partofthefollowing Identity:

-

(v,a) =xx u,n) - cAn,u) (An, u) =< n,An)=< An, u>
The symmetricity ensure the realityof(An.u), and DEIRC ensure [mx F0,



The we see I Imx HUI IIUIIII-> 11411-
Un=i

subjection:we first show the closednessofRCX-A). We choose SYx-A) nn3 R(X-A)
a Camely sequence. The the above lower bound ensure Suny isalso cancy and
Un-> UoEH. We show thatnotP(A) and Un= (X-A) Un -> (x-A)4oED(A).
The idea isto use the closedness ofAs we notice Aln=Xn+Unis Cauchy

A closed
and so does (un,Ann). not DCA), cun, Ann) -> (40, Ano),whichfinish
the closedness ofRCX-A).

Besides, ifIFA)FH,then there exists ofwet suchthat
<(x -A)n,w)=0,fucD(A).

=>(4,5w)= < xn, w =<An, w) = < u, Aw], FUED(A).=>Aw
=Aw => <Aw,w=A (w,w).

Thisimplies (Aw, w) is not real since WFO and x*IR,which
contradicts tothe symmetric assumption.
In conclusion, the ->side isdone.

As for side,we need to show IRP(A) implies Aisself-adjotut.
Indeed, fairsbasicobervation isthatXIP(A)#) ICP(A). Consequently,
[(X-A) y, z) =cy, (x - A)z), ty, zeD(A),

=(X,(x-ASs) =<(x-A)Ty, 5], FX, SGRIX-A) =RIX-A)=H.
We use thisidentify toprove theself-adjointness:take veD(A*),xeH
( x P(A) implies (x-As-xexists and (x-AS-1x & PCA)).

(,x =cv,xx-A)
=><15-A*)n,(x-A)x)
=((X-A) (X-A*)U, x).

This implies v=(x-A)(5-A*)WGD(X-A) =D(A). And so Alsself-adjoint.



Now we step intothe first task in this lecture. The Friedricks self-adjoint extension:
we will generically extend a general class ofsymmetricoperators into the self-adjoint
domain,which is called semibolded.

Definition:A: D(A)&H-H iscalled semi-bounded if
ACCIR, s.t. (An,u) - c<u,U), FUtDCA).

we called a the lower-bound of A.

proposition:A semi-bonded symmetric operator A: D(A) =H->H has a self-adjoint
extension &with the same bound.

Proof. We considerc=1 casefirst, the general case can be obtained by consider
-

At11-c)] and (A +12-02) + (c-1)] is self-adjointwith c-bound.

Now we constructtheextension by define thefollowing inner product:
(u, w)

D(A) =:<U, AW)H, F U,UED(A). & symmetaity implies(u,v) =xy].
-semibonded implies (u,n> >, 0.We define I as the completion of$(A) under this inner product, equippedwith the same now. Then IV, c.,v) ->(H, >,n) since

<n,2) =DU, AUTn Y, <n,u)M.
Now we define the extended domain as: (w,0n> <C11WIl,23

i.e. ., u) w isa bounded functional in (V, <., H)D(E) =GneV/EveH, sit. C.,W3v =s.1v, w3HY
since visdeusetH).

and we attemptto define :41v. (well-defined since v is dense).
1. A isbijective. Indeed, for anywEH, we se s. Ir, 2)H is a bounded

functional in (V, ,) since

1 <w,w>H) = /IWIII* lWIv IIUI, t WEV.

consequently, the Riesc representation ensure theunique ueVsuch that:
<. IV, U)1 =c, uJr. whichimples A:n+ V isinjective and surjective.

1. Clearly A&A. Since for UCD(A). A:v =H.

S,uv =< 1v,An>H =in=An.
2. Self-adjointness. It isenough toshow it issymmetrie, then Iis surfective



impliesthat(E) iseverywhere defined, whichimplies&isself-adjust and
So does A. Indeed,

(thus DIA*)D(A).)

slise.
# issymmetrie => (A)issymmetrice ->IA)isself-adjouit ->Ais self-adsoint.
IA is symmetrie:FW, n eDCA), - *YEH*A** ITV/Ex

(w, AnT
=<w,a)v

= cwIv=(AwIn=<Aw.u).
2) It is symmetric:(Air, u)H=cAW, Au) m =<AA-1w, tus

=<w,A-Dy

Self-adjointextension:ofLaplacan:

-0:D12=(n,wr =((-0 +2)u,u) =xn,n) +(n,8V) -fant


