
Preliminaryabout spectral theorem.

Definition 1. Suppose Aisclosed and densely defined in H, then A isnormal ifA*A=A*A.
-

Definition 2. We define E:BIC) -> P(H) ameasure, if
① E(K) =1;& E(WiRi) =ZiE(Ri).

Spectral Theorem. Suppose A isa normal operator in H, then there isa unique
-

spectral measure E, suchthat(E supporton 61K).
A =SxxdE(x) =f6A) xdE(x),

Moreover, for f( M(6(A)), we can define f(A) =SfixdE(x).

Some directapplication.
①Suppose A is a normal operator, then
" A is self-adjointif and only ifG(A)&/R;
2 A is non-negative ifand onlyifGCA)- [0,47;

& suppose Ais self-adjoint, then we have for to epAs. xitII11 (Xo-AS-'11 =dist(X0, 6(AS)-1. *
Definition ofaction:Suppose A is a normal operator in X and correspond to E,
let be a connected componentof 61A), we define

Po(A)=:SxodEN).-SiSp x dz dEix).
=SpS=

xdEx) dE=Sp 1Z1-A)+dZ.

singular discrete



Lecture4. The essential and discrete spectrum.

In this lecture, we'd like todecompose the spectrum into two differenttypes:by the

Riesz projection,and we establish some importantcriterion for such classification
and apply them tofind theexact spectrum ofLaplacian operator.

Definition 1:Let A: D(A)X- Xbe closed when X isBanade. Suppose & is a
connected componentof6(A), now we define theejectionofA atwas

Pr =::Sp(z- A)-dE
where P isa admissible contour in PCA) round only 0.

⑪"
Remark:Particularly, if0 =SxY, we'd liketodenote Po=PX. (For example,
the spectrum for the compact operator).
We'd like tolistthe basse properties ofthe Riesz projection:
Proposition 1. Suppose A: B(A)-X -X isclosed when X is Banac,&& 6(A)

isa connected component. Then Sigal lemma 6. 1.
① The Definition ofPo is free with choice ofP. (well-definednes).

am AM

as isaprojectionintoKer8) Pop.xIKert
e

proof:& Justtake another contour 'and

40.4o=2Sp(x-ASdx iSp (M-AsdM -
↓resolventformula-Sp.S4 ix ((x-As-1-(M-As) dxdM

=SpxdM) (X-At) dx residue theorem.

+SpxdN) (m - as +dM =Do.



Besides, for x-C Ker 10-A), i.e. EXOG0, AX=XOX

=>(X-A)x =(X-10X, FXtPeO(A),

=>Pox =iSp (x-A)xdx =cifp (x-xo)"xdx =x.
Thisimplies PoX= Ker 10-A).

③ Here I
onlyfind the prooffor isolated pointset0=[x0]. In this

case, we attemptto show that:
Isorthonormality:Pxo=Dx*;
~ ProX - Kervo-A), i.e. (Xo-ASPio =0.

Proofof1:we just choose P:1x-xr1=2, and take x =xo +veire,
then we find:

Par =aii), (X-A)dx= S.Rx(Notireo) reiodo

oEieo-ASPA=2:SpIo-AS (X-ASdx

=Sp.(Xr -x) (X-AS-dX.
It is enough to show 10-N)(X-Ast is analyte inside P and then

Carey's theorem implies the integration varnishes. Thisisdue to the

resolvent estimate:

11(X-As-111 < drstId, 6CAs)".
-this may failfor a not islated.

Once we doose that I issmall enough around to such that

10 - x1 =distIX, 6(A)),FXGP(A). -Then we have:(xo -x(X-Al is uniformly bounded inside U/Exy,
whichimplies to isa pickable singularsty and we can extend naturally,which
finish the proof.



Remark. For a isolated spectrum pointdo, we say dim Pxox isthemultiplicity
of No, and dim Kero-A) isthemultiplisty ofNo.
The above theorem state the following fact:The AMI GM for any isolated spectrumpointofa closed operator. Moreover, ifself-adjoint, they commode exactly.

Essential spectrum and the discrete spectrum.
Now we can dassifythe spectrum ofa closed operator into following two kinds:
I discrete spectrum 6d(A):x = 6 d(A) ifx is isolated + Pxfinite rank.
I essential spectrum:Gess(A):Gess(A) =6 (A)( 6d(A).
(there are some equivalentdefinition for Jess(A) by Fredholm operators.).
our following main goal isto establish a criterion for essential specture and apply
it tofigure outthe spectrum ofLaplacian operator on 1Rd.

We statethe man result here:

Theorem. (Weyl) · Suppose A:D(A)-X ->X is self-adjoint, then xeJess (A) if
and only ifthere isa weyl sequence Suny for X, i.e.

~YUn1=1, 2 Un-0;3)(x-A)Un -> 0.
Remark:This isthe criterion for the whole spectrum ifwe remove 2).
The proofisa complete argument and we'd like tosketch't here.
For self-adjolmt operator:

X c6d(A) => X is isolated +dim PXX <0

I #self-adjoint
X-P(Alkerx-As) + dim Kerk-A) <is

xeGessIA) x-6(Alkerix-Ast) or dim Ker(d-A)
=

0.

Since X-A lkerx-AK always has inverse, then the only case isthe inverse isunbounded).



Proof ofthetheorem:-> suppose xeGess(A), then:

① ifdim Ker(X-A) =0, justtake orthonormal fictions [un) & Kerix-AS.
we have dearly linn11-1 and (x-A) Un=0, besides Un-0 stave
Vo =spansn, ..., un,...isdense in X.
& ifdimKerix-ASCO and ix-Ar)"isunbounded,
we can choose

a sequence

11Un1l=1, 11(A-ASVll-y,
letUn

=ix-AiwnEKerIX-A)
-

MX-Ais'Vill exactly, then Kun1)-1 and 11(X-Ainnll ->0.
Asfor the weak convergence, itisenough toprove:

<un,f> ->0 Ff Eker (x-Alt,

If we can establish thefollowing density:
casm:D(DX- Ai)-1)*) isdense inXi=Kerix-Al

· (usethe criterion R(Azi) =H)Proof:X-A1: D&X.-X has dense range, and self-adjoint
-

=>(x-A1) "exists and self-adjoint.
=>(X-Ap-y)

*is densely defined.

consequently, we see forf tD()(X-A1)-y*)

Sun, f>= aunt -the-> 0.

And thus we finish the necessity.
E:Suppose SUnY isthe Weyl's sequence and WIOG dimker (x-A) ars,
we attempt to show that(X-Ai) has a unbounded inverse.

Indeed, let9&Y be the finite orthonormal basis for kerix-A), then:

11pxunll2 =2 < un, 2:7-0 since un-0.



This implies: 11 (1 - Px)nnIl-> 1. Take Un=(1-px)Un,

we have: IUnIl 70,

E - (X-A1):x, -X,.
(X-A1) Un =(X-A1) un -> 0.

And so. (X-A.)" isunbounded.

empositionofthe closed operator.

Suppose A is dosed on X, P., Pc decompose E
6(A) =0, +02.

X =x1 +xc =4.x +P-X,

then we have:A =AIGAL, E As invariant on X1, 6(A1)=0,
As imvarianton X2, 61Ar = 02.

Proof:consider for A, only, we show:AD1 =P.A. (which implies R(A1) & XI).
P1Ax=i SP (x-A)Adx=iSp A(x-ASdx

-: Sp (xix-A-2YX =A PIX

clasm:X is isolated -> X4 6(A2).
=>Xisislated => Xi =P,X =Ker(X-A)

xz=(1 - Px)X =xi
t

=ker1-A)<

=>Az =Alxe is invariant in X2,
Since X8 G(AD). (A1=Alkerx-A, so x = 6(A2).

Eshow x +z cP(A) for small z x +E-A isinvertible

=>x +z-A1MM=kerix-A).
are all invertible.

x+Z -Al Md

↑Since
XE61Ar.



Spectrum of Laplace Operator

We discuss about the spectrum of Laplacian operator.
Theorem 4.24. The spectrum of −∆ : H2 ⊂ L2 → L2(Rn) is

σ(−∆) = σess(−∆) = [0,∞).

Proof. As we already show that−∆ is self-adjoint, following we check that−∆ is positive so that
σ(−∆) ⊂ [0,∞) :

〈u,−∆u〉2 = 〈û, ξ2û〉2 =
ˆ
ξ2û2dξ ≥ 0.

It remains to show σess(−∆) ⊃ (0,∞), so that σ(−∆) = [0,∞) as the spectrum is closed. And
consequently σess(−∆) = σ(−∆) = [0,∞) since 0 is not a isolated point.

Now for any λ > 0, we attempt to construct a sequence uk by

ûk(ξ) = (2πk)
n
2 e−k2(ξ−ξ0)2 , ξ20 = λ.

and check that it is a Weyl’s sequence for λ and −∆:

1. ‖uk‖2 = 1. Indeed,

‖uk‖2 = ‖uk‖2 = 〈ûk, ûk〉 = (2πk)n
ˆ

e−2k2(ξ−ξ0)2dξ = (2πk)n (2πk)−n = 1.

2. ‖uk‖⇀ 0. Since S is dense in L2, we can only test with f ∈ S :

〈uk, f〉 = 〈ûk, f̂〉 =(2πk)
n
2

ˆ
e−k2(ξ−ξ0)2 f̂(ξ)dξ

(η = k(ξ − ξ0)) =
(
2π

k

)n
2
ˆ

e−η
2
f̂
(η
k
+ ξ0

)
dη

→0 as k →∞.

3. ‖(λ− A)uk‖ → 0. Notice uk, ûk ∈ S(Rn) by definition. Then

‖(λ+∆)uk‖22 =
∥∥(λ− ξ2)ûk

∥∥2
2

=(2πk)n
ˆ

(ξ20 − ξ2)e−2k2(ξ−ξ0)2dξ

=(2πk)n(
√
2k)−n

ˆ
e−η

2

(
ξ20 −

(
η√
k
+ ξ0

)2
)
dη

=− (
√
2π)n

ˆ
e−η

(
η2

2k2
+
√
2
η

k
· ξ0
)
dη,

which varnish at rate k−1.

In conlusion, uk is a Weyl’s sequence for any λ > 0.
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