Ledtwe 0. A h\/ﬁz wifro duitrson, f?ﬂ wwbowuded, efwywﬁm:s«

Fu fwip lecbwre, I'd Filo o sobnclnts 42 basie wottens aboit ¢ uunboweckd)
@Dmm A DINS X > Y. Ldeed, L most wmadm reswht why e
Tweshiote Ha wnbownsded Cote. for PPEers s tast e olitforeuctinl oterictns
012 alvans twbemdked, .

E}qm«")]q. (. We osnsder 4us. oli?ﬂ:ovewt&d%m
A= ﬁ‘; . C'e clab)] — CLa,b].

Than leb Uit = smenwt |, tuen Nl ez =1, bwt llAlAuHCCa,hjz h-=>%0

Whide 3M/F|$€5 Aljﬁb— & wbowided .

So ""Q,d. er_*]—v j:mww\km\‘e, Qa y%ams "H\&U )%‘Y +o_ tm.b\wto[ed ﬁ)e/rab*s 5 QM
Wk Serve os o Jlundumental L“‘E‘?%Q@Y PP, It cam he notyoduted brefly ag

Follewsing ponts -
Y Bosic noltens . Yux extension aud ouols / adjonck of @ winbowded Sortows.
Tl desed ;) symmetrit aud Lebof - adlsnct: Ferahsis ond s veleded Joots
Ssme. cppReations o Yo laplactaun - o Tesluckig 3. clacune. oud] Cef - kst
elfemsions. .
b)) %"WQL‘L“E@ o AR Ye&olvewt awmd, Sje,d‘mu\j%f UM bovaded s?evdkm
Two cm'v]%mm ﬁ? ffwh«w\m Speknun uff -
Panctionad, calulug - A= J;LA)J\OIED\) > j“m):fbw foydEoy,
Roghy 52579, e cam Chovacterszaion tuq Jerdts. by As cpertum . Ay 4o

obtain o k‘w\dejg Joratyr we. cu operte dé«a%mmmw vetum, ua
Operakon back o dw.fj:mctm Tevel, - [

D Porbwbadion | e smvestigate. Ha stabiVity of fus fuskiomal propertiss
ARG s dnsedris s SmerkbidTty . cobf -adis-tnens and ol Spectu sk




wuder o T Perhurbickon . Tucdend . oy knd of oPersibric we Concarned ,

sucly o .S\dmwo\\ﬁpei W — OtV / shkes QJB«OL\GV 'PA M

Lame.bjeﬂ&f — O+ Vlv), coALLD.vﬁeoQo\o,gfeM\—wlvcfh’mtgﬂ?).afladm—A.
) ‘ 1A

@QMSYOVTW we,Tw\jmwa d%&m Q-Lw:fvwfe. ) Mmk\»j.ca_,

; H?’\Ale_— \{us‘idq ,
Nhem e COM 30’*/'0&2' sudh biwd “? 4 Mlﬁw“?) { Lumey— ‘Phwfﬂbf

Stona

034,‘\,}, Swda Ow-ugls , W can, We&%h&h He W-?Mdhﬂkszﬁw cbgdyort
Comcsy problems - {&w.—/m =F (s Newa-Shkes and Sclurecthoger Cam ba

U) = K-
dused ¥= swele abshruk coe )
(s s [Sev] % ¢ wm?em, Wa%jfm?s, %
Abﬁ*mmd@fﬁw?%l’olmm\@\, A's better 4o Wd’mmoﬁ&, )
Mfmzush Fua. obive wcwwtb ’\‘WQAUS

1 showd mevchion dhat tua basic wetionse o S?e,U('WL\ Pwhwt{cn\ gw\yh,?s
e MéFeAAA-th, ore, omy beoks entrask only umqﬁ—‘,ﬁ\‘.ﬁmm :

AN

Sketd v wimd .



Ledtiwe | Bosin notions abovd mboused @eﬂvﬂ'ﬁf ~ 3

s we uctirodice tae o%tt@m‘.tiﬁi. evackey A:ﬁ({ , o A»MGGV\TF wmbrmded,
B}evockms owe wsy o\l,wu‘/js ey where. ~ O\an?&d :
A DAY X =¥
bor %M“Tle . Yoo )‘a'?LM{M O pbe )'?—)J-T dc?%ed nwfwa:lﬁ mD.

Dk we may concenn $ia erfeusion 1 weak Souca., (Jor cxample, 51 Sebolew Spases).

Deac’rwé—}:m\ I We olequ\gmmh .,j’ae\?e,qu A as.

T = {ox, Ta)eX xY | xe paYy
Ten we say A s acvlousin of A dewsted 05 AS A i PlA)e 70R)

Rewank - I g Oquwa}&ob‘to$ifj. For € DLA), we hae X E DCAHY omd AXx =7

The ancthey W\TMM W’Vu@f’r 26 4uae dual Cov whjvjwl‘&.,‘}m seme 1ryst bok)

OjQ & Wnbbunded eredor ( The OLM.Q.Dav\Q one i% Hue ad‘)oﬁ’rvﬂ'j\f'v HAbert case) .
We vecalk tuat for bowded pefater Ao X = Y. e dual opereskor A =X
W5 defmed by foUownp charcberization.

CAx, YD = (% AY), ¥ ae X, yey'
T Swdlar ideq a.?FHeaI—fD —fus. Uambswded S]r/rwfﬁvs bWh o welk-dePmednss
argumorsh Swomd be neteol oeto nol —ewrywhere~ defhed doman. And nis s e
1eagen why we always 1equwire dewse —olefmedniess when due odush owims.

?wTosﬁém I et X, be MNV.S, aud X' X’ be thodual -

Consider A: PAISX > Then if and onlytf A fo dhowsady
defrned . The folbwing =k @n be. Ulewed ok a groph *l,

V= { WaeYxx| g An)= (a2, vae o) T

Jor Sme.oye/vwbws‘ In s case, uedebme A ¥ +— ', PA) = P (P




Remonk - In Hue ol«wse—ole;f%eo\ case_, A’ exists and w chovaiterized ﬁ‘] G

(Y AX) = (AY, %, YV AE D), YEDA). ®

Procf . Dot oo sk, ghwem H thoe exists Ly, 20), 1! AL lays ™ P, +ren
ﬂ\/:?l . :ZwoLQQO\;

(X, = (Y, A% = (% %, V % ¢ Pr), = (xi~%i, Ph) =o0.
S;V\LQ- DlA) i.S dw&m*h’\ X, _h'\f/ln )(337‘3{‘

Adoo?m-}ojg &Oj)e/oefp*r
S\«Wosa. A - PAW=H=>H, Whee H 4s a H%\Ley‘rsTo.L.Q... W Cam sém’))wrb
defme tn adfort of A f A e dowsely defried. And 71 46 chavaterned by
AR Y2 = <A A¥y>. ¥ A€ DA), ye DAY,
We. shoo notis. Tk Fus oot and o duol has e Rilowdhy velsdion:

A*.‘_‘ 6;; oA'oéH'. P(A*): 631, oP(A')_)H

P‘m?o&%r\. Suppes, A:DACSH-—=>H, whee H (580 H5)bert SpouQ. Hren -
YV e duad A*e/x(‘s-}siffmdomb% Ai&dﬁ%dﬁf?neﬂ)
2 wndev tus obwe cmsa, Hf futhey AFF= (AMF exiods Then A < AFF Nat wrally

ow’jﬁ D The ideq 58 mmlnjue--lv the duak case and so we omst 4.
g‘rm“t b —ex’»S"}%@-

"W\‘?ﬂ we A¥=Ax

Swde At ¢ AXy, x> = <y, Axy = <Y, %>, bye DAX).

2 Lor A€ DA), we shwdnet A PcAF® & e exgls

Comz]v\ﬂ/\tfj ) We S AXX, ;(A*)*?f;”)f*i A, w)'W:'V“f)§QS Ac /YML,



CAnsedmess $3mm€/f7if@ aund +ue Q,Uja—wb’bzm‘}n% 3

T <uip ?NH s weld ke +o durtyo s 4g. metna aboud closed ness  aud
§gmm€=&v{,¢,’w—b, omd f%a-u:j establigh Yne bdbu./joﬂ-vbs dbord, ;@%—aﬂb&mﬂ' 0))9/70:"0‘1‘&.

The wivd troug, con be %wwmb.végd as %Momﬂzj ohgraum -

> k& WM*} o
whbowded Chosed “ofed bowded|
\
devueﬁ
Olef?wed
L/ \

SymmetRe —> S"’Ef’”\ﬁﬂm»

Favst we'd Bke o o{c]’%’me H velevauh W& aboul desedness -

Pefinttion 2. Suppos A piye x —> . Then we 58 A <5 a clased operdior
Y the gva?h I"CA) {s dased . Mm\geuevqu/ A s C,quame_"jﬁ 3+ has a olosed,

Remark : There 36 a mire, M.S&fttL a(%}’yﬁﬁm to chovatersze tue degabs Iy

A s dazable iffow.ol W‘Bff T(A) s a groph o{ s, D])errwbﬂ‘ M e cogs.
VA = P (A exao(b.

Indeed , we cau show e equivalenc-
S Y P = Ps) for sime operabr S. then < vust be a olesed exfensson of A
> 3 S it adused cxtouston of A Them by defimitron PR < Ps), which
implles FOR) i waiuely comespondent, (AT ) and s @ graph of some
dlesecd eperator, dewoted as R The abvary of £ smplies R= A .



Ssme  cavification me lsted betow -
Poposstion.  Swppr A: Duyex . Then

YV A s clrsed N aurd only Y . Aw) € PLA), (X, AA) —> ( 7 y) wples
Xe€ D) omd y=An.

2 A {s dosable 17f amd, TW‘B )ff V v Axw € VA, (An, A¥nw) —=> (O)_lj) ‘iwlfkts v———O

P Divect, fvom ne defmition.

7 Y A s desable, then Hie bt 109) logs s P = PUS) Jor some
[neay c]leﬂdw S, Mplies Y=Swmw=o0.

Conversely , W com define. +ug opercbor 8 by Followrng o PPrormaticy

SA= Vm A, VAE DW),
there 4

V.8 weu,—olefmol b\\, e assqu%m (dﬁwm- Wwih catna o(? Axn).
Now we discuss the —FwTeA{eé WheA 5t Imvolves +Hjq, adjodn} -
Propossion - suppose A DS H > H, where H e H3)bert-

Y fﬂf\*cx%k;*ﬂrem A¥ 18 chpsed, nacturally

I . ,
quawf“kfrf A exists , then A & casable. In¥nis o3 . we haue :
A = AX¥,

A¥= (a4t

Inderd, we cam thserve —from e chavratenizatyen -
i
A% Y2 = <7/A"J>, vAE D,
S < (A% ). (Y, YH> =0, VAE DLA).
=

4 IV E (JoPw)*, J: (% Y (-y 7).

Them we coam essily devain :}Mefj’obtov&n:ﬁ lemmg -

Lemma. T* exisls H amd only if (J°TAD* is a gvoph of Svyme u:pefnﬂ'w In IMS cuss,
we ha (JeT )+ = peT*).




-
’ons:}’ f Propesitien: ) H 15 ohivesty Frem e knima, ace wwf:)—’:wen-} is alwows ofrsed.

Y we showd notia +ust. A = (Pra)*)+ = (£° P(A+)+ = (Je PA®)+
if AXF eX}\rS"}S): (A*zk) , ) 7&
( ."3[ [ 7o aundts 7037 Buear <j>wﬂ- S
TL\{> )/‘V‘?]llt&) A {/S O{/bgauﬂ, 0‘/\&[1 7‘}-5 Q&,swye ﬁs uadb A** ( 2 - A*):)
omd  (A)F= (A¥)x - BF)** = AF

Cenverse side. check later. o,

Sowe, ofher Propiiteg w be checked later iohey W need .

Theovem . ( Closed Grogh).  Suppise A+ DD SX > is clesed, fhen A 15 bownded ed

Theotem- (Hslle). Af = (A

Metvod +o comdpute o cddosure .

Here weld Bketo gnr & metiod o mwrwie—me chswe extensiog > aud take +He.
Loplaian -5~ D2)P> )P & exampie.

PYv'Pogﬂﬁw\u Q»ﬂ»g; XYis Bavadc, Ten A DA c X = ¥ & chesed ’f oud
Uvﬂj -1Jf D W) » crmfl@(;e amder +ue. gYa.F}\ nom |) - (B def%eo{ b_\j

N 20Np = 1000 A Uy = Il All + ) Ax Ny

P]’Q\D )( ., We cansider 4he iSoMe\U; Y
P: DA) —=> VA, 2> (%, ) M X
d \y
N ilp 0 “Xx\(.
PA) i3 desed n AX[E TA) s omplete 1 XX <> DA) i3 corpled 5n 11 Ml p
Then He olrsuve of -4 DS ~3)2 hag the dlsmain

D)= Do)y V= Dy = DH= 2

we p

Siwe NUN== nujl e+ Haowll,y ~ 1N,z b Posncong mequaliy .
T & L H 2 i



9\3mmwuﬁj owmd 9@\{’ adjormitness .
As +ne odjoht notims me always volwed M s seibion, we'd Kke Ho assume

A:DA) S H —> H 8 deusely defired fist-

oy , . . x . .
Do,f-;m-hm-. We say A - DMy c H—=> H 159\1MM@H£(,1f ASAY, Sﬂf~aabo§rr}zf

A= A% And say A s essetialy setf- adioin) o A cef-adsuiy .
A e B e

We'd Kke <o dam’]cj these wotins m loder déscussisn . Indeed, a symmetric b?évq*b?
A can be Ohowacters>ed by-

< A% 92 = <% A Uxepw ye DeA.

Then ad)vin) velakion B‘F A SYMmL R quitR Snteresting -

(cdosed =
CP\»eTo.sfer.- Suppez A isa gn,mme)tw. operator. Then A%, A" cxpsls ad A;)A"*CAY

p,qu., AX* exists sine A ¢ A* Tmplfes DAY 2 D(4) 5 dense . In 1his cage, we
¢ 1s closable owmd

know that ¥ pc A= A} Moeover, smiz A% +s diused, +hen A S AT whiv
grout fmaly  AC 7 < a¥
I

A*%

The {lllow@ ’FWTV'&“’TWY\ g2 Severd) eqwmaledt condstom when a Sym medr e wj’ﬁrwfw %
Sedf - okyoint -

Propositim. Swppese A- DAY eH > H is o Symmetic oporcttor, Fhen tie o wing
Statements ave equivalest; -

VA 4 S-eijf— adjo%ﬂ‘} 2 2 DLAY = DA%, 2 A is olused amd A% s Symmetvic ),

D A s dused omd Key ( *15) =49 , D) Ram (AL =X

Y 6(A) S R, (prove loster)




[ SRR % deavly from tua diflinttion
D 2 3 {5 fiom the fask: AtsAD*= =1

VS @ Sebf -aditar mplics Az At 45 desed dealy , mueover, YA ¢ ker (A1)
(A*2L-)x=0,

Fikn A =<Fa. M= KAX 472 = KA = <X, F14> = 2i<%, %>

S AA>=0 S A=0.

© =75 Cewly Ram(Tz1i)= X, w2 Shw +hau Ran (T=£5) i8 Olused -
The 'iw obsesvatfon is+aat

DTN =< (TED 2 (T3 x>

=0
STH,Tay + <a- A0+ STHLAD + < 25x, 72D
M

= NTo)*+ ux)? -
Thon v {(Tia)xn}cmdy, 03 FAnY cmd LT amd Olesedness

ENSWIe AN —TF%s amd TAn > U, , whia ples T (TE3) A —> (TZL$) .

2 = VU We need b shaw far xe DAK), AEDU) . sme RowALs) =X,

e COM/F?nd %’€ DA such thot (A13)a'= (A*%3)> | Fotlms»g we Shw =¥
& AchA* = (Ax)x= (A%i)n = (A%£3) 1x'-%) =0 > A'—x=o0

A diveot dvollamy fiom ), 5) 45 +ue-frllowhg Marcrteratio) foy essentially ebf- adigng -

(orollony: A symmetric operaby A DMC H—SH is esseltally cabf odsond it

Y ke (A*431)=0; o 2) Ran (Azs1)= H.






