
Lecture l. Scalar conservation law.

Firstwe'd like to consider the following scalar conservation law:

Ut + (f(u) x=0, x, + E/Rx[0, CIS

And we have following theorem for the jump discontinuity:
Theorem 1. Suppose i isa piecewise smooth function with a jump discontinuity(4+,n-)

along a trajectory :x=Ect), where

cu+, U- ) H) ==(h([(t)+, t), UCEct) -, t3).

Then u satisfies the scalar conservation law in weak sense ifand only ifcut, no satifies

the following

Rankine-Hugonot condition:f(U) - fcut) =S(u+-u-s. (RN)

Remark:Particular, the speed ofmotion ofthe jump 6=:= fe
Proof:

=>suppose a satisfies the weak scalar conservation law, i.e.

S.(ur+f(u)vx) dxdt +1ucos v10) dx=0, VEDCIRXto,o

Now we choose propertest functionto verify the RM condition. Indeed, we set

W(x,0) =0, FXEIR. The jump path x=5Ht) break the domain into two parts:

e
=

[(x,t)G(Rx(0,3)) X < 3(t)],
x
=[(t)

mt
=[(x,t)e11x10,-/x > 34].

Then it yields that ire
0 =S:I-(ur+ + f(n) rx) dxdt

- IF-(urt+f(n)x]dxdt + Set(urt+f(u)vx) dxdt

-> frz-(fcU), u).Tx,twdxdt 1Set(f(U), U).xitUdXdt



-> -[r-0x,t(fru), n) dxdt + Ser- Ulf(u),n) n dxdt

-Set x,t(f(u), u) vdxdt + Ser+2 (fill, u).ndy at I since U=0 for t =0.
= - (r- (n)x) dxdt+Se v(fmt, u). (V,,v2)dXdt

varnish since
S

his smoothin
- frt((u))x)-dydt + Se v(fants, it 1-51, -02)dd

2
+/R

=> -Se v) frut)-flu), ut-uf (W,, v2) dxdt.

since I isarbitray in DLRXTo,b) with VCS=0. Then it comes:

f ==e

and thusthe necessity isfinished.
E:suppose (RN) holds, we show that a satifies (1) in weak sense indeed.



-ofcharacteristic knes

In this section, we'd like to consider the following scalar conservationlaw:

Ut + (f(u))x =0.

The characteriste analysis play a importantrole when we study
the hyperbolic system. Indeed,

we considerthe characteristic curve x=3it) such thatw(xit)
= U(3H),t) stay constant.

Then it comes that

*U(SAS,t) =(n+ + 5'ux) (54),t)=0 =>*3( =f((u)(3,(t),t).

consequently, we'd like call xch)=f'c) asthespeed. Particularly, we
will

Find Xu) isa
constantalong x=34) sinceitis a function of1:

x(n) (3,4),t1 =f(u)(ct),t) =f((u)(\(0),0) =x(n) (510), 0).

consequently, the characteristie
curve isa timefor any initialpointX=3cts,then we can

solve outvalue ofany point (x,t) as long as they stay reasonable:

U1x,t) =WIX-x() (X,t)t, 0) =uo(X-X(n) (X, t)t).

Following we consider themostimportantequation ofscalar conservation law:

Hopf (Inviscid Burgers) equation: ut + (EU)x =0.

Example 1:we
consider the followinginitial data:

Is X < 0,

40 (X) = E 1 - x, *= [0, 1]. -
0, X > 1.

t

The characteristicspeed (x() =f(() =(=uY' =n) x(x,0) =nox), and so the characteristar
isas the figure. We should note the lines may intersect after to1,so we'd like to analyse
the behavior in te [0,13 first. Then given intial position, the knes goes as

X +t, Xt [-v,0) *t, t e [0,1]

X = E x+(1 -x)t, Xe [0,13 x =[ t = x = 1, te [0,1]

X, Xt [1,2] x 1, te [0,1]



consequently, we have that:

U(x,+) =U(X, 0) =40(X) =

SE
*It, tE [o,1] ,-2xE1, te[0,1]

0 C
x x 1, Eto, 1].

From Example 1, we see thatit forms a shock ucx.1) = E"I toanalyse thebehavioror

ofthesolution,particularly thejump discontinuity), we introduce
thefollowingtheorem:

Example 2. Consider the
finitial data do =

1, 411,
we analyse themotion ofthe jumpS

0, X- 1.

discontinuity. It follows from RH condition that:

6 =5 = misn ==T,,
UT-U-

That issay, the jump moves forward
atspeed I.

Now we introduce another kind ofphenomena, which iscalled rarefaction wave.

Example 3. Consider the initial data no =x=0,E
Oc

1, x 30.

One possible solution:
another 1

..shromware, t varefactorU

The first case does nothappen innature, whichisexcluded by followingentropy condition:
f'(u- > 0 > f'cut).

we say
a weak solution isadmissible if the discontinuity satifiesthe RH condition and the



entropy condition both.

Example 4. We consider the intial data no =5.Yee !
from RA condition we have that:

[ct) =
(i)fuit)

-r= th2.
#

ufct) - v-ct]

solve the ODE We have:34) =St, t >2.

The phenomeno isas:
te [o,2]

t=0
t=2 u=E 5-2

Hi Es***--
-

dat

Long time behavior
en

① lull =E

& I1v-NIL *t-I.

Hyperbolicconservation law:

We consider the Euler equation:

(i) +epugn + P1 =0.I
PEn +pu
I

Now i can be obtain as p=p1p,
u, E).

The general conservation law is written as:

ut +J.F(u) =1g(s). Viscous term.


