
Lecture 1. Workwear blowup and planar dynamicsystem.

Infos bcture I'd like tointroduce some importantnotions and tools wituleisimportantfor

studying the smooth implostion ofcompressibleflow.

i)The nonlinear blowup

The idea ofblowup originfrom the theory ofODE. We
consider the following system:

E
Cu =ut ,

US =No.

First, the dasstual preard theory yields the local existence and unique of
solution

2:[0,7] -> 1 for some 7 < rs. Now we concern aboutthe maxtrual cavely development

ofsuch solution, i.e. find themaximal* suchthat I can be extended totime

interval to,TP). The equation can be solved by separation of variables, then
we willfind

itheavilydepends onthenonlinearity 1.It2.

Case 1: (Sublinear, UEI, i.e. 1 =I - a for some 5x0.

du
9=0, T =dt =>u=noet,

sco, t =dt =>u=c(++4t,c=25,4=us.

Thisimplies a admit a global existence for low regularity,

case I:suplinear, IXI,
i.e. 1:Its for some 870,

du

it=dt
=>n=xtst.c =5s, *s

Thisimplies the solution blows up inthefinite time
7*ato.

>Aparticular example is s=do= 1, when 9W = u=it, thisexample isimportant

since many physic equation possess
exact z-order nolmnearity, such as transport, NS).

The above discuss give a intuition for singularity:thesuplimnearityattempt
toincreaseitwhile

submear attempt to ease it,
which propose theidea ofimearization ofdifferential equation.



2blow up inPDE.

As the modern theory implies, theevolution PDEs
can be viewed as a dynamicsystem which

evolute ina Banach space.) compared to
ODE, which evolute inIRd). Since12d have only

Entclean topology, then the only possible
blow up for ODEis:

In 4)) -, ast-
D.

However, the blow up inPDE
contains much richer pheonoman.

For example, ifit isa solution

ofPDE evolute insmooth function space
CPcyd), then two possible mechanism may occur such

thatthe solution
runs outofCPCIRd):

① I1UC) 1120 -1.
Thiscase isquite similar with

ODE, whichwe call a ODE-type blow up

or implostion (in fheid
mechanith).

& 11acts1/2C, but11XUAs12->0..
Atypical example is theBurgers equation

Ut + u.Tu =0

equipped withinitial data
1, tCO,

Go Ut,X) + E 1- t, t e to, I
0, t> 1.

t

The process whenthe singularity forms
isfigured as theright side (115ul

- b).

graph:
t=0 t =0.5 shock

t =1
shoal

I -> Itformation
development x t=1.5

- -> -- I -H
consequently, this case isusually called

a Burgers-type blow up or
shock.

other kind ofblowup mechanism may
also happens, butwe

like todiscuss inlater topic.



2 imearization ofdifferentiation equation.
(the high order system, such as

Now we consider a more general form of ODE in IRd: JEU=F(n) (wave operator).
2tu =F(u), (no initial date posed) can also be rewritten by setv=2+ h).

The idea ofimearization istodecompose the system into linear part and moultmearpart,

so that we can treatthem separately. Support v is a root ofF, then it isalso a

equilibrium solution of50x=F(u). Now we consider

nets=u+ wits,

therethe perturbation with satisfies
the following equation:

2tw =Fu+W) =Aw + N(w)

where A =F(V), N(w) =F(U+w) - FU) =Ollwl) by the Taylor expansion of
Fat and

the factFirs=0. Using the Duhamel formula,
we can

rewritetheperturbation was
thefollowing

linear part
implicit integrationexpression: -

Wits =etAcocos +9. ect-SA withonimear
part.

sometimes we call the
solution ofthe above equation as "mild solution").

consequently, we can analyse
the properties (particularly singularity

and stabilityin
our semmar)

ofwas well as v.

The idea goes similar for
a PDE, when Ais

a differentialoperator (such
as Laplanlan0),

a typical example isthefollowing
nonlinear heatequation:

2th =0U+
1mPtr. dissipation
-

As we notare, theInear part
has smoth effect as

eto:22- c) where themoultear

part increase
the singularity. The balance of

two part finally depend
the global existence

or finite time
blow up ofthe

solution.

The idea ofimearization isquite significant
inthefurther discussion,

whichtreatthesystem

near some pointlocally Imearly.



3) stability theory:L******** Itit, "ExitBEE

we imitate the notion of stability by the followingoDE system:

8th =Flust),we say it autonomous if F
is freewitht).

Suppose u=nt) is a global
solution ofabove system wilquely generated by

data no.

Then we say the
solution is

Istable if E270,
ES0,5.t. FUC) generated by No. No-ho/<M=>

( rcts-ncts KE.

& asymtotically stable ifstable
and I notDCRRd, S.t. FW. ED, im luct) -VC)) =0.

-is

Remark:1 The stability concern aboutthe big time
behavior compared tothe continuity.

Copen set[to,is compactSet[abs).

② We alway analysethe stabilityofequilibrium
solutions, as we willfind thatthe stabilityof

general solutions behavier similarly
as thenear equilibrium points.

we'd like to give some explicitexample
toillustratetheidea.

Example:
① Ut = ull

- u), equibrium point:u
= 1 and n=0;

(PR5155)c0,0)

-
phase portract:

->
u=1 is asymtottually stable;

-u
=u=0 isnot stable.

& Ut =AAsh, where Act isa matrix, equalbitme point
u=0.

claim:U=Xcts.2, then
to isstable if XIts isbounded.

I fundamental matrix
E asymtotically stable iff (XHs)->0·

for Ac=A, we have X(t) =etA).

Suppose Aformulate as Jordan
blocks A = 1,03,8....*JK, 3i =(""!) rixri.

then the i-th block offundantal matrix:e
z]k
=

UKI
exkttexkt .... frs1 exkt

Sexkt..... K-2 exkt

I competition between exponetical
etand ploynomial growth is ... axkt

creal part)

all exqenvalue are negative,
-> asyntotically for

all direction. VI-

Xct) =etA isbounded if S all eigenvalue are non-positive, and the Jordan blockof those
with

zero-realpart is1-th order. -> stable for those direction



③ Ut =AU+N(U), NCU) =0(Iul),NC)=0.

then case I, II are preserved under perturbation
Whel, butcase Imay no so.

Moreover, we consider thestability in PDE:Consider
the nonlinear heatequation:

2u =0u +1pd.

Then we need to study the spectral properties of
theLaplace operator

-1. Some significant

difficulties and difference follows:

1. The spectrum ofdifferential operator depends
heavilyonthedomain. For example:

0 on
whole space IRA:

6(0) =0ess(0) =
(-0,0].

0 on bounded space (compactself-adjoint).
Xi -0 discrete.

H!4

3) No spectral gap: for ODE,
since Exil are fruite, ifnegative,

thenagap (30,25.

ReqxY--w, E exonential decay.

=>lucts/en+14cos).

However, itmay
holds for PDE, for example, 6(A) =2=Y4=1

another example:reaction-diffusion
equation:ve =uxx +u- uS, XEIR.

Linearred operator for front
solution:

6ess Ii
ga

3) the operator is
not self-adgant. Stokes operator:P1-3).

6aCA) = (zed:111E-A)+1>st].pseudo-spectrum:
1x-Ast1art. V.

114 - As 1I = iss
11(x-As"11 -> atX

6(x) =r[x /ast(x, 6A)) <aY =9xEk(X-A511
>Y.

↑
6E(A).



4phase portraitfor planar system

Phase portrait isa importanttool
to analyse the autonomous dynamicsystem, while satisfies

Itranslation invarfreule: wIS isasolution ->
ucttcs isalso a solution;

& no intersection for trajectory:- by uniqueness +translation invariate.

8 group properties:for fixed
no, ut(W) =:nct,40), then

Mo-id;

S
Ut o Us=UttS -

Remark:two automous ODEmay referto the same phase portrait. In:F(u) and att

(**Lt9),x5534FLEE).

Example 1: E=
-

waterre
we setLyapunov funtion:V=

u+vi (44*Ex:***)

>o, for UW">1,
which satifies:Parties cutei E =o, for ut=1

<O, for UEV<1.
r>l

in

fact,wesolentme polarwordmates,re -> ...
So we can say equilibrium

solutton. (4, v) =0 is a asymptotic stable.

withinprocessing
domainv = ditul<1.

3 when theexpect solution
ishardtogive, we

can also use the idea of1-order approximation

tojudge the type ofequilibrium, after
we figure itoutfor following

imear ODE:)

Example 2. (M) =A (M), A isa nondegenerated 2x2 matrix. /or takePAP=J).

wood we assure A
isJordan canonseal, i.e. A

has followingform:

⑪ 18i). 8 (8i).

Case 1:


