
Lecture 2. Smooth implosion ofthecompressible flow
1.

In thislecture, we'd like to give a briefintroduction to the work by Merle-Raphael-Rodntanskd

- Szeftel, which give a construction ofsmoothimplostionformation for
the3D Wavser-Stokes equation

under particular settings. Before we dive into the discussion ofdetails, itis propertointroduce

the history and
related works about this tople.

As the Millennium problem pointout, we
concern aboutthedevelopmentofthe flow emerged

frommetal data: Yregularity --> singularity

willitalways exlongrule
orentrefinite

time?

importantworks from regularity
side:

①Matsumura-Nishida (1923):no vaccum- small perturbation +3D global existence.

② Huang-22:vaccum
small data + 3D) global existence

E
large data +2P (kazhhoo) global existence.

importantworks from singularity side:as we emphasize before, the singular pheonormon
ofPDE

ismuch richer
than theODEbecause ofthediverseful topology.

Particularly, for the blowup

for codata ofcompressible flow,
there are two case we

came most:

+-7

Ishock-type singularity:
1141121C, 118ucts12 ->0.

① shock formation:Christodoulou (07) -> Luk- speck (18) ->Buckmaster
- Shkoller - Vicol (19-22)

2D -> 3D, isentropic-> full, zero vorticity -> nowfinial corticity

③ shock development:w

is implosion-type singularity:
11nct)1120

-* as + 57.

① Gunderley (1948) (non-smoothsimplodingshock wave
Euler.

& Xin (1998). Compacted supported
data

3
data with strongly varnishingproperty,

Rozonova (2006). rapidly decayingdata
and no insight for

thesingular nature.

You (2015) isslated mass group
data.

& MRRS (2019) smooth implosion from
data with weak decay).

④Buckmaster (2022)
data with constantdensity

cusing Reman
invariant from shock theory).



-
theidea

The method to constructsmoothimplosion is quite different from the former works by Xin, which

provide a contradition argument, but MSSR gives preasse depletionfor theimplosionformation.

And they goes under a routine developed for nominear singularity (whichfields they mainlyworks on)

Though complicate,
such method can be decompose into followingthreepart:

① find the kernel singular structure:ODE analysis. (tdynamite,
semiclassical analysis)

↓ Iestablish the stability ofthis structure (under perturbation).

NLS = 8 - linear stability:spectral analysis.
Enter

L
WS 5 8 ->honkinear stability:energy method (bootstrap,

Brouwer argument).

Remark:

1. Open problems
deserves to consider:

particularly
d=3, v==(respond toH2, N2 etc.).

Ithe result
isnot perfect:notall

v>I are considered (some of themare denegerated).

can we remove thevarnishingrestruction?
(Done by Buckmaster):

is can we apply themethod
toother models? (such as FNS, 2D Kachhowmodel, MMD).

3) vacuumproblem:The initial data isnotallowed vacuum,
willitoccurs inthelong run?

And ifvalue is
allowed, willthe singularity happens?

cuss may require a combination of
theclassical (Huang-2i) and new (MRRS) method,

Indeed, the regularity structure (such as effective viscous flows
isnotconsidered in this

paper, can we obtain
better resultsifit is considered?).

2. How does the Schrodinger equationlinkto
thecompressible flow:

intheMadelung transform:Vct,x) =derp,
5 stream function.

letv =28.1 then 250 + 7.12H) =0,
-- hydrodynamic flow.S ver+2.x +x(kp) =0(2).

Link between classical mechanic--> quanture mechanice

Semiclassical limit: i => 0 t: Planck constant (smallest energy unit).

(*/yEym
*EEE).



2ofthemethod:Singular structure.

Roughly saying, thekernel singular structure
exhibit inits Euler regime, where thewiscous

partistreated
as a low-order perturbation for such singular

structure.

Ctu'sbelongs totheargument ofstability
(Imear or nonlinear) ofthissingular structures.

whatisthe strugular structure ofEuler regime?
A smooth spherically and radically self-similar blowup

solution for theEuler flow (developed

from particular setofsmooth
data). Thisisexactly thework ofthe firstpaper,whichmainly

use the idea ofnation, beration,
theplanar trant andmsical

analysts. (Furthermore, with theauxillary of
numerical method).

-

->
iarity:scaling invariance and critical index.

we consider the following nonnear PDE:

defocusingheat equation:it
=PU-luu,

I

we setscalingux=xw), x =E,
suchthat:if u is a solution ofNLM, so does ux.

A neutral energy balance isglenby Ecusit)=uR+EIMP+=Ecros↑
kinette potential

consequence, we seek for a critical indexsuch that dE92) FRYE
11]sux12 =117scul2 (so thatux does not blow up as x

=0)

Sc =5 -F. (depends on thedimenstan and nonlinearity).

And the global existence happens ifwe have sc<1. (which implies 117swall does not blow up).

we call thissystem issubcrittual/critical/supercritical if
scI/sc=1/Sc>1.

Moreover, we say it is
a self-similar solution ifu=ux for any it,X). Inthiscase, the solution

istotally determined by its profile attheunit time:
↓profile.

Set x (t) =It

UL, X) = n(,) = ) =4),w(z) -:wei, z

we can draw the graph ofself-stuclar variable:
r=IX

z > 1
z=1 -> light come.
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